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ABSTRACT

The study, algebraicly explicates the general solvability of the Surface Integral

𝑆
𝑓 𝑥 𝑑𝑥𝑑𝑦∬ ; by considering lim

∆𝑥𝑖∆𝑦𝑖→0
𝑓 𝜉𝑖 Δ𝑥𝑖Δ𝑦𝑖 = 𝑆

𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ . Then

𝑓 𝜉𝑖 Δ𝑥𝑖Δ𝑦𝑖 − 𝑆
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀 whenever ∆𝑥𝑖∆𝑦𝑖 < 𝛿, where 𝑓(𝜉𝑖) ∈ ∆𝑥𝑖∆𝑦𝑖 and 𝜀 and

𝛿 are infinitesimally small numbers.
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INTRODUCTION

It is a known fact that Calculus was
introduced by Newton (1687) in order to

study the length of some arcs
𝑑𝑦

𝑑𝑥
and the areas

under the curves
𝐶
𝑓 𝑥 𝑑𝑥∫ . For example,

𝑑

𝑑𝑟
𝜋𝑟2 = 2𝜋𝑟 and 2𝜋𝑟 𝑑𝑟 = 𝜋𝑟2∫ .

The Semigroup, which was first introduced by
Suschkewitz (1928), intrudes, since 2𝜋𝑟1 +
2𝜋𝑟2 is 2𝜋(𝑟1 + 𝑟2).

Let 𝑟1 + 𝑟2 = 𝑟3. Then 2𝜋𝑟3 is a circle of radius 𝑟3.
Thus, the closure property of semigroups is established.
The associativity is: 2𝜋 𝑟1 + 𝑟2 + 𝑟3 = 2𝜋 𝑟1 + 𝑟2 + 𝑟3 .

Hence, the unit circle, 𝜃𝑛 = 1 found in the
scripts of [3,4,5] could be set such that 𝑛 =
𝑟1 × 𝑟2 × 𝑟3… × 𝑟𝑚−1 × 𝑟𝑚 (a prime factor
decomposition [6,7,8]).

An example is 𝜃𝑛 = 1 and 𝜃𝑚 = 1 implies
𝜃𝑛+𝑚 = 1 and 𝜃𝑢+(𝑣+𝑤) = 𝜃 𝑢+𝑣 +𝑤 = 1.

This study is intended to show the
introduction of Semigroup concepts to the
determination of solvability of Surface
Integral, under some specified domain.

MATERIALS AND METHODS

Let 𝜀, 𝛿 ∈ (0,1) ⊆ ℝ. That is, 𝜀 and 𝛿 are small numbers between 0 and 1 on the real-line;
Then, given 𝜀 > 0, there exists a 𝛿 > 0 such that:

𝑓 𝜉𝑖 Δ𝑥𝑖Δ𝑦𝑖 − 𝑆
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀; whenever ∆𝑥𝑖∆𝑦𝑖 < 𝛿;

where 𝑓(𝜉𝑖) ∈ ∆𝑥𝑖∆𝑦𝑖.

Then 𝑆
𝑓 𝑥 𝑑𝑥𝑑𝑦∬ is a surface integral, where ∆𝑥𝑖 = (𝑥 − 𝑥𝑖);

and ∆𝑦𝑖 = 𝑦 − 𝑦𝑖.
The closure is from triangular inequality (|𝐴| + |𝐵| > |𝐴 + 𝐵|);
for all cases of A, B as real numbers: 𝐴, 𝐵 > 0, 𝐴, 𝐵 < 0 or 𝐴 > 0 and 𝐵 < 0. Thus,
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𝑓 𝜉𝑖 Δ𝑥𝑖Δ𝑦𝑖 − 𝑆𝑖
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀

+ 𝑓 𝜉𝑗 Δ𝑥𝑗Δ𝑦𝑗 − 𝑆𝑗
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀

= 𝑓 𝜉𝑖+𝑗 Δ𝑥𝑖+𝑗Δ𝑦𝑖+𝑗 − 𝑆𝑖+𝑗
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀 ;

whenever ∆𝑥𝑖+𝑗∆𝑦𝑖+𝑗 < 𝛿

and the associativity estalished from 𝑓 𝜉𝑖+ 𝑗+𝑘 = 𝑓(𝜉 𝑖+𝑗 +𝑘).

Define: 𝑓 𝜉𝑎 Δ𝑥𝑎Δ𝑦𝑎 − 𝑆𝑎
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀

≡ 𝑓 𝜉𝑏 Δ𝑥𝑏Δ𝑦𝑏 − 𝑆𝑏
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀 mod d, if and only if:

𝑓 𝜉𝑎−𝑏
𝑑

Δ𝑥𝑎−𝑏
𝑑

Δ𝑦𝑎−𝑏
𝑑

−
𝑆𝑎−𝑏

𝑑

𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀

∈ 𝑓 𝜉𝑖 Δ𝑥𝑖Δ𝑦𝑖 − 𝑆𝑖
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀 .

Then, this congruence definition is an equivalence relation.
Hence, one can define a naturally existing canonical map by:

𝜃 𝑓 𝜉𝑎 Δ𝑥𝑎Δ𝑦𝑎 − 𝑆𝑎
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀

= 𝑓 𝜉𝑎+𝑏 Δ𝑥𝑎+𝑏Δ𝑦𝑎+𝑏 − 𝑆𝑎+𝑏
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀 ;

Thus, establishing the Onto-Homomorphism.

SOLUTION AND RESULTS
(i) It can be noticed that:

𝑓 𝜉𝑎+𝑏 Δ𝑥𝑎+𝑏Δ𝑦𝑎+𝑏 − 𝑆𝑎+𝑏
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀

is an ideal of 𝑓 𝜉𝑎 Δ𝑥𝑎Δ𝑦𝑎 − 𝑆𝑎
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀,

because: 𝑓 𝜉𝑎 Δ𝑥𝑎Δ𝑦𝑎 − 𝑆𝑎
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀

+ 𝑓 𝜉𝑎+𝑏 Δ𝑥𝑎+𝑏Δ𝑦𝑎+𝑏 − 𝑆𝑎+𝑏
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀

= 𝑓 𝜉2𝑎+𝑏 Δ𝑥2𝑎+𝑏Δ𝑦2𝑎+𝑏 − 𝑆2𝑎+𝑏
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀

⊆ 𝑓 𝜉𝑎+𝑏 Δ𝑥𝑎+𝑏Δ𝑦𝑎+𝑏 − 𝑆𝑎+𝑏
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀;

Also :

L 𝑓 𝜉𝑎+𝑏 Δ𝑥𝑎+𝑏Δ𝑦𝑎+𝑏 − 𝑆𝑎+𝑏
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀

+ 𝑓 𝜉𝑎 Δ𝑥𝑎Δ𝑦𝑎 − 𝑆𝑎
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀

= 𝑓 𝜉2𝑎+𝑏 Δ𝑥2𝑎+𝑏Δ𝑦2𝑎+𝑏 − 𝑆2𝑎+𝑏
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀

⊆ 𝑓 𝜉𝑎+𝑏 Δ𝑥𝑎+𝑏Δ𝑦𝑎+𝑏 − 𝑆𝑎+𝑏
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀 .

This, defines the naturally existing canonical map 𝜃: 𝑆 → 𝑆
𝐼 by:

𝜃 𝑓 𝜉𝑎 Δ𝑥𝑎Δ𝑦𝑎 − 𝑆𝑎
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀
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= 𝑓 𝜉𝑎+𝑏 Δ𝑥𝑎+𝑏Δ𝑦𝑎+𝑏 − 𝑆𝑎+𝑏
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀 .

Then the Onto Homomorphism is established as follows:
The preservation of composition is:

𝜃
𝑓 𝜉𝑢 Δ𝑥𝑢Δ𝑦𝑢 − 𝑆𝑢

𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀

+ 𝑓 𝜉𝑣 Δ𝑥𝑣Δ𝑦𝑣 − 𝑆𝑣
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀

is by triangular

inequality, 𝜃 𝑓 𝜉𝑢+𝑣 Δ𝑥𝑢+𝑣Δ𝑦𝑢+𝑣 − 𝑆𝑢+𝑣
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀 which by definition of 𝜃

is: 𝑓 𝜉 𝑢+𝑣 +𝑏 Δ𝑥 𝑢+𝑣 +𝑏Δ𝑦 𝑢+𝑣 +𝑏 − 𝑆 𝑢+𝑣 +𝑏
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀 which is:

𝑓 𝜉𝑢+𝑏 Δ𝑥𝑢+𝑏Δ𝑦𝑢+𝑏 − 𝑆𝑢+𝑏
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀

+ 𝑓 𝜉𝑣+𝑏 Δ𝑥𝑣+𝑏Δ𝑦𝑣+𝑏 − 𝑆𝑣+𝑏
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀 which is:

𝜃 𝑓 𝜉𝑢 Δ𝑥𝑢Δ𝑦𝑢 − 𝑆𝑢
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀

+𝜃 𝑓 𝜉𝑣 Δ𝑥𝑣Δ𝑦𝑣 − 𝑆𝑣
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀 , as required.

For the Onto-ness:

Let 𝜃−1 𝑓 𝜉𝑢+𝑏 Δ𝑥𝑢+𝑏Δ𝑦𝑢+𝑏 − 𝑆𝑢+𝑏
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀 ;

Be equal to 𝜃−1 𝑓 𝜉𝑣+𝑏 Δ𝑥𝑣+𝑏Δ𝑦𝑣+𝑏 − 𝑆𝑣+𝑏
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀 .

Then, by definition:

𝑓 𝜉𝑢 Δ𝑥𝑢Δ𝑦𝑢 − 𝑆𝑢
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀

= 𝑓 𝜉𝑣 Δ𝑥𝑣Δ𝑦𝑣 − 𝑆𝑣
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀 .

That is to say:

𝑓 𝜉𝑢 Δ𝑥𝑢Δ𝑦𝑢 − 𝑆𝑢
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀

+ 𝑓 𝜉𝑏 Δ𝑥𝑏Δ𝑦𝑏 − 𝑆𝑏
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀

= 𝑓 𝜉𝑣 Δ𝑥𝑣Δ𝑦𝑣 − 𝑆𝑣
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀

+ 𝑓 𝜉𝑏 Δ𝑥𝑏Δ𝑦𝑏 − 𝑆𝑏
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀 .

Which implies:

𝑓 𝜉𝑢+𝑏 Δ𝑥𝑢+𝑏Δ𝑦𝑢+𝑏 − 𝑆𝑢+𝑏
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀

= 𝑓 𝜉𝑣+𝑏 Δ𝑥𝑣+𝑏Δ𝑦𝑣+𝑏 − 𝑆𝑣+𝑏
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀 ..

(ii) Also naturally existing canonical map 𝜃: 𝑆 𝐼 →
𝑆
𝐼

𝐽
can be defined

by: 𝜃 𝑓 𝜉𝑎+𝑏 Δ𝑥𝑎+𝑏Δ𝑦𝑎+𝑏 − 𝑆𝑎+𝑏
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀

= 𝑓 𝜉𝑎+𝑏+𝑐 Δ𝑥𝑎+𝑏+𝑐Δ𝑦𝑎+𝑏+𝑐 − 𝑆𝑎+𝑏+𝑐
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀 . Then, the

Onto-Homomorphism can be shown as follows:
The preservation of composition is:
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𝜃 𝑓 𝜉𝑢+𝑎 Δ𝑥𝑢+𝑎Δ𝑦𝑢+𝑎 − 𝑆𝑢+𝑎
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀 +

𝑓 𝜉𝑣+𝑏 Δ𝑥𝑣+𝑏Δ𝑦𝑣+𝑏 − 𝑆𝑣+𝑏
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀 .

(iii) The triangular inequality:

𝜃 𝑓 𝜉 𝑢+𝑣 +(𝑎+𝑏) Δ𝑥 𝑢+𝑣 +(𝑎+𝑏)Δ𝑦 𝑢+𝑣 +(𝑎+𝑏) − 𝑆 𝑢+𝑣 +(𝑎+𝑏)
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀 ,

Which by definition of 𝜃 is: 𝑓 𝜉 𝑢+𝑣 + 𝑎+𝑏 +𝑐 Δ𝑥 𝑢+𝑣 + 𝑎+𝑏 +𝑐Δ𝑦 𝑢+𝑣 + 𝑎+𝑏 +𝑐 −∑

𝑆 𝑢+𝑣 + 𝑎+𝑏 +𝑐
𝑓 𝑥 𝑑𝑥𝑑𝑦∬ < 𝜀 ;

Which implies:

𝑓 𝜉𝑢+𝑎+𝑐 Δ𝑥𝑢+𝑎+𝑐Δ𝑦𝑢+𝑎+𝑐 −

𝑆𝑢+𝑎+𝑐

𝑓 𝑥 𝑑𝑥𝑑𝑦ඵ෍ < 𝜀

+ 𝑓 𝜉𝑣+𝑏+𝑐 Δ𝑥𝑣+𝑏+𝑐Δ𝑦𝑣+𝑏+𝑐 − 𝑆𝑣+𝑏+𝑐
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀 which

is: 𝜃 𝑓 𝜉𝑢+𝑎 Δ𝑥𝑢+𝑎Δ𝑦𝑢+𝑎 − 𝑆𝑢+𝑎
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀

= 𝜃 𝑓 𝜉𝑣+𝑏 Δ𝑥𝑣+𝑏Δ𝑦𝑣+𝑏 − 𝑆𝑣+𝑏
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀 , as required.

For Onto-ness: Let

𝜃−1 𝑓 𝜉𝑢+𝑎+𝑐 Δ𝑥𝑢+𝑎+𝑐Δ𝑦𝑢+𝑎+𝑐 − 𝑆𝑢+𝑎+𝑐
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀

= 𝜃−1 𝑓 𝜉𝑣+𝑏+𝑐 Δ𝑥𝑣+𝑏+𝑐Δ𝑦𝑣+𝑏+𝑐 − 𝑆𝑣+𝑏+𝑐
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀 . Then,

by definition:

𝑓 𝜉𝑢+𝑎 Δ𝑥𝑢+𝑎Δ𝑦𝑢+𝑎 − 𝑆𝑢+𝑎
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀

= 𝑓 𝜉𝑣+𝑏 Δ𝑥𝑣+𝑏Δ𝑦𝑣+𝑏 − 𝑆𝑣+𝑏
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀 . That is

to say:

𝑓 𝜉𝑢+𝑎 Δ𝑥𝑢+𝑎Δ𝑦𝑢+𝑎 − 𝑆𝑢+𝑎
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀

+ 𝑓 𝜉𝑐 Δ𝑥𝑐Δ𝑦𝑐 − 𝑆𝑐
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀

= 𝑓 𝜉𝑣+𝑏 Δ𝑥𝑣+𝑏Δ𝑦𝑣+𝑏 − 𝑆𝑣+𝑏
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀

+ 𝑓 𝜉𝑐 Δ𝑥𝑐Δ𝑦𝑐 − 𝑆𝑐
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀 .

Hence:

𝑓 𝜉𝑢+𝑎+𝑐 Δ𝑥𝑢+𝑎+𝑐Δ𝑦𝑢+𝑎+𝑐 − 𝑆𝑢+𝑎+𝑐
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀

= 𝑓 𝜉𝑣+𝑏+𝑐 Δ𝑥𝑣+𝑏+𝑐Δ𝑦𝑣+𝑏+𝑐 − 𝑆𝑣+𝑏+𝑐
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀 .

(iv) Defining the naturally existing canonical map 𝜃:
𝑆
𝐼

𝐽
→
𝑆
𝐼
𝐽
𝐾

by: 𝑓 𝜉𝑢+𝑎+𝑐 Δ𝑥𝑢+𝑎+𝑐Δ𝑦𝑢+𝑎+𝑐 − 𝑆𝑢+𝑎+𝑐
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀

= 𝑓 𝜉𝑢+𝑎+𝑐+𝑑 Δ𝑥𝑢+𝑎+𝑐+𝑑Δ𝑦𝑢+𝑎+𝑐+𝑑 − 𝑆𝑢+𝑎+𝑐+𝑑
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀 .
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Then, the Onto-Homomorphism can be shown as follows:

The preservation of composition is: 𝜃 𝑓 𝜉𝑢+𝑎+𝑐 Δ𝑥𝑢+𝑎+𝑐Δ𝑦𝑢+𝑎+𝑐 − 𝑆𝑢+𝑎+𝑐
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ <

𝜀 + 𝑓 𝜉𝑣+𝑏+𝑐 Δ𝑥𝑣+𝑏+𝑐Δ𝑦𝑣+𝑏+𝑐 − 𝑆𝑣+𝑏+𝑐
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀 Then, by

triangular

inequality, 𝜃 𝑓 𝜉 𝑢+𝑣 + 𝑎+𝑏 +𝑐 Δ𝑥 𝑢+𝑣 + 𝑎+𝑏 +𝑐Δ𝑦 𝑢+𝑣 + 𝑎+𝑏 +𝑐 𝑆 𝑢+𝑣 +(𝑎+𝑏+𝑐)
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ <

𝜀 .
Which by definition of 𝜃 is: 𝑓 𝜉 𝑢+𝑣 + 𝑎+𝑏 +𝑐+𝑑 Δ𝑥 𝑢+𝑣 + 𝑎+𝑏 +𝑐+𝑑Δ𝑦 𝑢+𝑣 + 𝑎+𝑏 +𝑐+𝑑 −∑

𝑆 𝑢+𝑣 + 𝑎+𝑏 +𝑐+𝑑
𝑓 𝑥 𝑑𝑥𝑑𝑦∬ < 𝜀

 𝑓 𝜉𝑢+𝑎+𝑐+𝑑 Δ𝑥𝑢+𝑎+𝑐+𝑑Δ𝑦𝑢+𝑎+𝑐+𝑑 −

𝑆𝑢+𝑎+𝑐+𝑑

𝑓 𝑥 𝑑𝑥𝑑𝑦ඵ෍ < 𝜀

+ 𝑓 𝜉𝑣+𝑏+𝑐+𝑑 Δ𝑥𝑣+𝑏+𝑐+𝑑Δ𝑦𝑣+𝑏+𝑐+𝑑 − 𝑆𝑣+𝑏+𝑐+𝑑
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀

 𝜃 𝑓 𝜉𝑢+𝑎+𝑐 Δ𝑥𝑢+𝑎+𝑐Δ𝑦𝑢+𝑎+𝑐 − 𝑆𝑢+𝑎+𝑐
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀

= 𝜃 𝑓 𝜉𝑣+𝑏+𝑐 Δ𝑥𝑣+𝑏+𝑐Δ𝑦𝑣+𝑏+𝑐 − 𝑆𝑣+𝑏+𝑐
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀 , as required.

To show Onto-ness.:

Let 𝜃−1 𝑓 𝜉𝑢+𝑎+𝑐+𝑑 Δ𝑥𝑢+𝑎+𝑐+𝑑Δ𝑦𝑢+𝑎+𝑐+𝑑 − 𝑆𝑢+𝑎+𝑐+𝑑
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀 =

𝜃−1 𝑓 𝜉𝑣+𝑏+𝑐+𝑑 Δ𝑥𝑣+𝑏+𝑐+𝑑Δ𝑦𝑣+𝑏+𝑐+𝑑 − 𝑆𝑣+𝑏+𝑐+𝑑
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀 .

Then, by definition, 𝑓 𝜉𝑢+𝑎+𝑐 Δ𝑥𝑢+𝑎+𝑐Δ𝑦𝑢+𝑎+𝑐 − 𝑆𝑢+𝑎+𝑐
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀 =

𝑓 𝜉𝑣+𝑏+𝑐 Δ𝑥𝑣+𝑏+𝑐Δ𝑦𝑣+𝑏+𝑐 − 𝑆𝑣+𝑏+𝑐
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀 . That

𝑓 𝜉𝑢+𝑎+𝑐 Δ𝑥𝑢+𝑎+𝑐Δ𝑦𝑢+𝑎+𝑐 − 𝑆𝑢+𝑎+𝑐
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀 + 𝑓 𝜉𝑑 Δ𝑥𝑑Δ𝑦𝑑 −∑

𝑆𝑑
𝑓 𝑥 𝑑𝑥𝑑𝑦∬ < 𝜀 = 𝑓 𝜉𝑣+𝑏+𝑐 Δ𝑥𝑣+𝑏+𝑐Δ𝑦𝑣+𝑏+𝑐 − 𝑆𝑣+𝑏+𝑐

𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀

+ 𝑓 𝜉𝑑 Δ𝑥𝑑Δ𝑦𝑑 − 𝑆𝑑
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀 .

That is, 𝑓 𝜉𝑢+𝑎+𝑐+𝑑 Δ𝑥𝑢+𝑎+𝑐+𝑑Δ𝑦𝑢+𝑎+𝑐+𝑑 − 𝑆𝑢+𝑎+𝑐+𝑑
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀 =

𝑓 𝜉𝑣+𝑏+𝑐+𝑑 Δ𝑥𝑣+𝑏+𝑐+𝑑Δ𝑦𝑣+𝑏+𝑐+𝑑 − 𝑆𝑣+𝑏+𝑐+𝑑
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀 .

CONCLUSION

From the above results therefore, one can conclude that:

𝑓 𝜉0 Δ𝑥0Δ𝑦0 − 𝑆0
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀 ⊴

𝑓 𝜉1 Δ𝑥1Δ𝑦1 −

𝑆1

𝑓 𝑥 𝑑𝑥𝑑𝑦ඵ෍ < 𝜀 ⊴ …
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𝑓 𝜉𝑎𝑏𝑐𝑑 Δ𝑥𝑎𝑏𝑐𝑑Δ𝑦𝑎𝑏𝑐𝑑 −

𝑆𝑎𝑏𝑐𝑑

𝑓 𝑥 𝑑𝑥𝑑𝑦ඵ෍ < 𝜀 ⊴

𝑓 𝜉𝑎𝑏𝑐 Δ𝑥𝑎𝑏𝑐Δ𝑦𝑎𝑏𝑐 −

𝑆𝑎𝑏𝑐

𝑓 𝑥 𝑑𝑥𝑑𝑦ඵ෍ < 𝜀 ⊴

𝑓 𝜉𝑎𝑏 Δ𝑥𝑎𝑏Δ𝑦𝑎𝑏 −

𝑆𝑎𝑏

𝑓 𝑥 𝑑𝑥𝑑𝑦ඵ෍ < 𝜀 ⊴

𝑓 𝜉𝑎 Δ𝑥𝑎Δ𝑦𝑎 − 𝑆𝑎
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀 ;

Forms the composition series of solvability of 𝑓 𝜉𝑎 Δ𝑥𝑎Δ𝑦𝑎 − 𝑆𝑎
𝑓 𝑥 𝑑𝑥𝑑𝑦∬∑ < 𝜀

whenever ∆𝑥𝑎∆𝑦𝑎 < 𝛿; where 𝑓(𝜉𝑎) ∈ ∆𝑥𝑎∆𝑦𝑎 and 𝜀 and 𝛿 are infinitesimally small numbers.
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